Gas-filled hollow-core photonic crystal fibers are used to stabilize a fiber laser to the 13 C 2 H 2 P(16) (ν 1 + ν 3 ) transition at 1542 nm using saturated absorption. Four hollow-core fibers with different crystal structure are compared in terms of long term lock-point repeatability and fractional frequency instability. The locked fiber laser shows a fractional frequency instability below 4 × 10 −12 for averaging time up to 10 4 s. The lock-point repeatability over more than 1 year is 1.3 × 10 −11 , corresponding to a standard deviation of 2.5 kHz. A complete experimental investigation of the light-matter interaction between the spatial modes excited in the fibers and the frequency of the locked laser is presented. A simple theoretical model that explains the interaction is also developed.
Introduction
Portable optical frequency standards are important in metrology and in many other applications (optical sensing, telecommunication, aerospace, etc.) that need an accurate and reliable optical reference away from the laboratories. In the telecommunication band the 13 C 2 H 2 P(16) (ν 1 + ν 3 ) line at 1542.3837 nm is the recommended optical transition for the realization of the meter [1] . During the last decade, I 2 , acetylene and Rb vapour cells have been widely investigated and implemented in laser stabilization using the saturated absorption spectroscopy (SAS) technique [2] , often combined with frequency modulated spectroscopy [3] [4] [5] [6] [7] . Since the demonstration of the first photonic band gap guidance in air [8] , the increased availability of fibers with an hollow core (HC) allowed to investigate the realization of a portable optical frequency reference based on a gas-filled HC fiber [9] [10] [11] [12] [13] .
Hollow core fibers are particularly useful in this technology because they provide a very long interaction length in a compact space. Moreover, the possibility to develop an all fiber-based optical reference makes this solution easier to implement in an industrial environment. However, developing a portable and user-friendly optical frequency standard is not free of challenges; although fiber gas-filling and other main technical issues have already been characterized [14] , targeting the most suitable fiber for this technology is still under debate. State of the art research suggest that kagome fibers produce better performance than more common hollow core photonic crystal fibers (HC-PCF), both in terms of lock-point repeatability and stability [12, 15] . Limited transit-time broadening due to larger core size and absence of surface modes are the key-features of the kagome fibers. On the other hand, they are highly multi-mode, which could create an issue for long term frequency stability, as mentioned in [12] .
SAS technique used to frequency-lock lasers to a sub-Doppler optical transition is limited by the strength of the signal and the linewidth of the sub-Doppler feature. Maximizing the strength of the signal while choosing a narrow-linewidth transition is the target of any frequency locking scheme. As shown in previous work [10] , the major contribution to the width of a sub-Doppler absorption line in HC fibers is due to the transit-time broadening effect. Therefore, having a larger core diameter seems to be the best solution to reduce the instability.
Despite the previous considerations, the multi-mode characteristic of the large core kagome fibers could introduce a factor of instability, mainly related to the lock-point repeatability. Previously published works ascribe this effect to the presence of high order modes (HOMs) [12] , surface modes [15] inside the band gap or polarization instability between the pump and probe beams [16] . The mechanism ascribed to the lock-point inaccuracy presented in [12] suffers a lack of universality and it cannot explain some of the effects presented in these paper. This work aims at demonstrating that most of these effects are directly connected to the interaction between different spatial modes inside the fiber. The correlation between the modes excited in the HC fibers and the repeatability of the lock-point is investigated and a simple theoretical approach is proposed to explain the physical mechanism involved.
Here we present a complete characterization of four different HC-PCFs, investigating their performances, using SAS combined with a frequency modulation spectroscopy technique. The performance achieved improves previously published results [12, 15] for gas-filled HC fibers both in terms of frequency stability and lock-point repeatability, reducing the gap with respect to the performance achieved with bulk glass cells [7] .
Fiber characterization

Fiber specifications overview
Before testing the fibers in the SAS setup, a detailed investigation on the HOM contents of the various HC fibers is needed to check any (possible) correlation between the HOMs guided and the stabilization performance. In this section we compare the fiber characteristics with the HOMs investigation. The relevant properties of the HC fibers are listed in Table 1 . Three fibers have a 7-cell core whereas the last one is a 19-cell HC fiber. The C7 PM fiber differs from all the others as it is fabricated to be polarization maintaining (PM). The enhanced birefringence needed to have the PM property is introduced thanks to four anti-resonant features on the core wall [17] . At the same time, these features lead to improved mode confinement. The C7 L and C7 S fiber have about the same crystal structure, but with different scaling factor (pitch), which results in a larger core size of C7 L with respect to C7 S. To simplify the notation, in the rest of the manuscript we will refer to the different fibers as single mode, few mode or multi mode fiber with respect to the mode content at 1542 nm. All the fibers tested have a total loss lower than 18 dB/Km at the addressed wavelength and they are provided by NKT Photonics. 
HOMs characterization: in-fiber Mach-Zender interferometer
The HOM characterization is performed using a setup similar to the one presented in [18] . A super-continuum source (0.45-2.4 μm) is coupled to a piece of 8 cm of HC fiber and is collected with a single-mode (SM) fiber into an optical spectrum analyzer (OSA). Each spectrum is recorded across most of the fiber band gap with 0.1 nm resolution. The total field distribution and hence the coupling efficiency to the SM fiber depends on the relative phase of the modes. The different spatial modes excited in the HC fiber are interfering once collected into the SM fiber, due to their different group velocity. The configuration is similar to a Mach-Zender interferometer, where the reference arm is provided by the light in the fundamental mode (FM). The difference between the group velocity of the FM and the one of a given HOM/surface mode gives rise to a wavelength dependent phase difference. The spectrum is then processed applying a windowed Fourier transform (WFT) analysis, which highlights the HOMs excited in terms of the group velocity refractive index difference (Δn g ) with respect to the FM (Δn g = 0). The results are presented in Fig. 1 . The flat feature visible at Δn g 0.08 that affects most of the spectrum is an artifact introduced by the apparatus. In fact, it does not depend on the fiber tested because it is reproduced in all the tests performed at the same effective group index difference. Except from this artifact, the fibers show widely different features. The C7 PM has a strong feature with Δn g ≤ 0.05, which covers most of the spectrum and strongly diverges around 1650 nm: this is probably due to an anti-crossing between the FM and a surface mode. Despite the measurement here presented could not resolve it, the fiber guides two orthogonal polarized FMs with two different effective refractive index (and/or different group velocity refractive index), due to its enhanced birefringence. The C19 fiber is clearly showing a multi-mode behavior. The most interesting features are related to the C7 L and the C7 S. Even though they have a similar photonic crystal structure, the larger core of the C7 L fiber allows few HOMs to be guided at 1542 nm, with propagation constant close to the FM, which are absent in the C7 S spectrum. Moreover, a strong beating at a higher group index difference (Δn g ≈ 0.15) suggests the presence of a surface mode (localized on the core-wall). These considerations will be more clear in Section 5.1, where the C7 L spectrum acquired will be compared with simulations.
The HOM excitation in the HC fibers is also strongly influenced by the coupling. In order to characterize the coupling dependence of the spectra observed, the measurements are repeated with a (strongly) misaligned in-coupling beam: the misalignment increases the light intensity coupled to the various HOM components, but does not give rise to any HOMs different than the ones previously observed. This test also simulates the effect of possible deviations from optimal coupling that might occur in the SAS setup. The investigations in [12] suggest that the presence of the HOMs/surfaces mode in similar setup could shift the frequency of the locked laser by few MHz, but an high number of HOMs should average out the effect, reducing the overall shift observed (on the order of few kHz). Moreover, the presence of some surface modes could enhance the light coupling to the HOMs, changing the mode field distribution of the coreguided modes [15] . Following these interpretations, the highly multi-mode fiber (C19) should produce a limited shift of a few kHz, while no shift of the locked laser frequency is expected if no HOMs are excited (C7 S fiber). On the contrary, the shift should be stronger (a few MHz) if only a few HOMs are excited at the operational wavelength (C7 L fiber), because the averaging mechanism does not occur to reduce overall shift. As the following analysis will clarify, some of these assumptions appear incorrect.
Experimental SAS setup
A SAS setup similar to the one described in [3] is used to investigate the four different HC fibers ( Fig. 2) . A sealed box with AR coated windows is connected to a vacuum pump and to an acetylene vessel. A fiber laser source (Koheras E15 Adjustik TM ) of 30 mW power is split into two beams, and coupled into the HC fiber placed inside the box with free-space optics. Using an acousto-optic modulator (AOM) the light of the first beam (called pump) is intensity modulated at 9 kHz using an external square-wave function generator, and blue-detuned by 35 MHz. The other (probe) beam is blue-detuned by 40 MHz using a second AOM, after being amplified by an erbium-doped fiber amplifier (EDFA). This configuration avoids low-frequency noise (≤100 kHz) from the interference between the two counter-propagating beams, while it maintains the sub-Doppler feature in the central part of the Doppler absorption profile, where the signal-to-noise ratio is high.
The probe is also phase modulated through an electro-optic modulator (EOM) at 32 MHz to generate the side-bands needed for frequency modulation spectroscopy. The transmitted probe beam is detected using a beam splitter and free space coupling to a low noise detector, with both AC and DC response. The fast signal is used to lock the laser to the optical transition, using a lock-in amplifier combined with a servo-loop. The same square function used to modulate the pump intensity is providing the detection reference. Meanwhile, the DC output is used to stabilize the probe power via the probe AOM. Both beams have a power of 5.5 mW at the HC-fiber input; since the saturation power (P sat ) measured in similar system is more than 20 mW [10] , the experiment presented here is in the low saturation regime (P P sat ). A small fraction of the laser output is combined with the output of a reference laser and the resulting beat signal is monitored with a fast photodiode and a frequency counter. The reference laser is locked to an an acetylene bulk glass cell as described in [7] and it has a frequency instability (Allan deviation) below 5×10 −13 for sampling time 1 < τ < 10 5 s and a lock-point repeatability of about 100 Hz.
The box is temperature controlled through a Peltier cell deployed underneath and the temperature inside the box is monitored using two Pt-100 probes. This configuration allows testing the fibers both in a stable and varying temperature environment, in order to investigate how fiber temperature affects the frequency stability. The polarization of the two counter propagating beams is controlled using a polarized beam splitter (PBS) combined with zero-order half wave plates. The fiber is placed inside the chamber, coiled with a diameter of about 6 cm. Once cleaved, both the facets are connected to a free space coupler fixed inside the chamber, using bare fiber adapters. Each fiber is left under vacuum (≤ 3 × 10 −6 hPa) for about a week.
After the purging step, the chamber is exposed to 29 Pa of 13 C 2 H 2 vapour. All the fibers tested are about 3 m. The filling pressure and the length of the fibers have been chosen to limit the filling time (less than 30 min) and the pressure broadening. Therefore, the contribution to the full with half maximum (FWHM) of the transition profile due to the gas pressure is limited to 6 MHz [7] , while the calculated absorption of the 13 C 2 H 2 P(16) line for a 3 m fiber at 29 Pa is about 54% [19] . As previously mentioned, the transit-time broadening is the major limiting factor for SAS in HC fibers, because the mode field diameter (MFD) is one order of magnitude smaller than what is typically used in bulk vapour cell systems. This effect is inversely proportional to the MFD and the FWHM contribution is about 15 to 30 MHz, depending on the fiber tested [20, 21] .
Performance evaluation
The fiber test takes about 30 hours and it is subdivided in three consecutive phases. In the first phase the temperature of the is box stabilized to 24 • C (12 hours) while a temperature variation is induced during the second phase (12 hours, see Section 4.2). During the third phase, the temperature is restored to the initial condition and the fiber is tested to check that performance is consistent with the one observed in the first phase. The last phase takes about 6 hours and it is important to check that the temperature ramp does not introduce any permanent effects in the setup/fiber due to thermal expansion of some components inside the box (fiber holder, free space couplers etc). All the measurements presented show comparable performance between the first and third phase. The measurements are also repeated after each fiber is re-cleaved/re-filled to check the reproducibility of the results, presenting comparable performance. The second phase is done to check the temperature sensitivity and to simulate the the long term performance of the fiber. The temperature variation has been previously investigated as a source of phase instability in fiber optic gyroscope (FOG) applications [22] , arising from the differential thermal expansion between the spool and the glass, and the instability observed is stronger if the fiber is birefringent. The birefringence could be due to a deformed/elliptical core [23] or because of the anti-resonant elements introduced in the core wall (C7 PM). Moreover, the temperature stress induces small mechanical variations in the components inside the box (coupler/holder), simulating coupling changes that could occur on the long term scale (days). The frequency difference between the laser locked to the gas-filled HC fibers and the reference laser are presented in Fig. 3 and 4 together with the corresponding fractional frequency instability (Allan deviation). The frequency offset results are plotted with a relative shift of 100 kHz for clarity.
Temperature stabilized environment
Here we present the results obtained with the four fibers under a temperature stabilized environment (first phase). The difference between the single-mode and the multi-mode fibers is clearly visible (Fig. 3, left) . The fluctuations observed are within about 25 kHz for most of the fibers, while the laser locked to fiber C7 S shows a remarkable stability with an offset limited to 4 kHz. This test confirms that the presence of the multiple modes excited in a fiber contributes to a shift of the laser frequency.
The performance of the C7 PM fiber needs a dedicated explanation: although the previous analysis ( Fig. 1) does not show the presence of HOMs at 1542 nm, this fiber guides two orthogonal polarized modes with a slightly different effective refractive index. In this sense, the interaction between the two orthogonal polarized FMs introduces a perturbation in the light-matter interaction similar to the one given by a FM-HOM one. The interaction mechanism will be discussed in Section 6. Moreover, if the launched polarization is not aligned to one of the major axes, the SAS configuration will not be the one described in Section 3 (two counter propagating beams with orthogonal polarized light). Depending on the beat length of the fiber and on the misalignment, the modal content could vary over the interaction length, generating a superposition of linear/elliptical/circular polarized light in both the beams [24] . This non-homogeneous polarization combined with the different propagation constant of the two orthogonal polarized FMs could contribute to the instability observed in Fig. 3 . This consideration is supported by the measurements done during the temperature variation (Fig. 4) .
The fractional frequency instability is presented in Fig. 3 (right) . The long-term performance (τ ≥ 100 s) confirms the remarked difference between the C7 S and the other fibers: the multimode fibers follow the same trend (increased instability), while the C7 S presents an instability below 4 × 10 −12 for 1 < τ < 10 4 s. In the short term (τ < 100 s), the instability is inversely proportional to the MFD: the noise of the locked-laser depends on the slope of the error signal produced for locking, which is inversely proportional to the linewidth (FWHM) of the transition addressed. The linewidth is dominated by the transit-time broadening caused by the small beam diameter [20, 21] . The measured instability confirms this effect within the experimental uncertainties, except for the PM fiber, since the MFD of the C7 PM is larger than the C7 S. The second phase of the test could help to clarify this unexpected performance.
Environment under temperature variation
The temperature ramp applied is described in Fig. 4 (bottom-right corner) . The test under temperature variation confirms the validity of the previous analysis: the amplitude of the fluctuations observed in the multi-mode fibers are comparable, while the frequency variations of the C7 S fiber remain within 10 kHz. Despite the slow temperature variation introduced (less than 1.7°C/hour, Fig. 4 bottom-right corner), the perturbation can easily excite HOMs/surface modes, increasing the instability. The test also shows that the lock-point stability is almost temperature insensitive for the C7 S fiber, maintaining the fractional frequency instability well below 1 × 10 −11 , giving us the best candidate for a future portable optical frequency standard. Practically, the thermal stress introduced is enhancing the frequency fluctuations previously observed (Fig. 3, left) , reducing the timescale of the oscillations by a factor 10. This fact confirms that the introduced stress helps to understand the long-term performance of the various fibers, considerably reducing the total acquisition time. All the measurements show comparable maximum shift in the repeated tests. A detailed analysis of the PM fiber performance in Fig. 4 shows that the fractional frequency instability at 1 s averaging time is increased by a factor 2 with respect to to what observed in the first phase of the test (Fig. 3 ). This effect occurs only to the PM fiber while the others show comparable instability in all the phases of the test (at 1 s). Moreover, the instability of the C7 PM shown during the third phase of the test reproduces the behavior shown in Fig. 3 , excluding that a permanent perturbation has been introduced on the setup/fiber. This effect could not be ascribed to the HOMs contribution to the light-matter interaction, which can explain the long term oscillations observed (τ > 10 s), as presented in Sec. 6. Following the previous considerations, a possible explanation could come from the polarization instability, since the different light polarization between the pump and probe beam is known to affect Lamb dip detection [25] . The mechanical stress introduced by the temperature ramp could cause small deformations in the fiber structure, changing the relative propagation constant between the two orthogonal polarized FMs [22, 23] . An other source of instability could come from the presence of some surface modes introduced by the special core wall structure of this fiber. Since the maximum Δn g shown in Fig. 1 is limited by the resolution of the OSA, there could be some surface modes at 1542 nm with Δn g > 0.3, which are not highlighted by the measurements. The tests performed allow anyway to conclude that the C7 PM has an enhanced temperature sensitivity with respect to the other fibers. These characteristics possibly make this fiber suitable for sensors applications. Possible candidate PM fiber suitable for this technology can be the fiber recently demonstrated in [26] or in [27] . The defects introduced in the cladding structure make these fibers PM without introducing additional surface modes which could affect the FM. In this sense, one of these fiber could also help to discriminate the source of the instability here observed on the C7 PM.
Overall comparison
Considering the overall performances, the C7 S fiber is the most suitable for the frequency standard applications, showing a fractional frequency instability ≤ 8 × 10 −12 in a stressed environment and better performance in a controlled one (σ (τ) < 4 × 10 −12 , 1 < τ < 10 4 s timescale). The C7 S fiber is also tested over 55 hrs (in a temperature stabilized environment), in order to compare the instability of the system developed here with previously published results. Fig. 5 (left) compares the performance of the C7 S fiber with the stabilized laser presented in [12] (gas-filled kagome fiber) and with the performance of the reference laser [7] . The lowered instability achieved with respect to [12] is reducing the gap between the bulk cell performance and the HC-fiber based system. The lock-point repeatability is also measured on 6 different days ( Fig. 5, right) : the system shows an average shift of 3.6 kHz with respect to the reference, with a standard deviation of 2.5 kHz. This analysis of the long-term performance shows a consistent result over a period of more than 1 year. C7_ S Ref. [12] Ref. [7] Fig. 5. Left: Summary of the performance achieved using the C7 S fiber in a temperature stabilized environment (red). The system is compared with the reference laser [7] stabilized to a bulk glass cell (green) and with the best performance reported in [12] for an gas-filled HC-fiber stabilized laser (blue). Right: The lock-point repeatability over 7 measurements. The error bars represent the root mean square value of the measured data.
Modelling of HOMs
In order to understand how the different modes could influence the frequency of locked laser, a numerical investigation on the mode content is performed. The C7 L fiber has similar properties to that of C7 S, nonetheless the C7 L results in a larger variation of the laser frequency. We believe the reason is the presence of HOMs at the addressed wavelength as highlighted by the measurements in Fig. 1 . For this reason fiber C7 L is chosen for the numerical investigation. The purpose of this analysis is to address the mode(s) that could be responsible of the frequency shift/fluctuation observed. The simulations are performed starting from an idealized model of a 7-cell HC-PCF structure, using the parameters measured on the cane during the fiber drawing process, according to [28, 29] . Results are shown in Fig. 6 . corresponds to 99% while 10 dB/m gives 0.1% of transmission. Therefore, the simulations show that only one HOM has a loss low enough to be detected (black curve).
Simulated and measured spectrum comparison
A direct comparison between simulated and measured spectrum requires the calculation of the group refractive index (n g ) of the simulated modes
where λ is the wavelength and n eff is the effective refractive index. The group index difference with respect to the FM (Δn g ) superimposed on the spectrogram of the C7 L fiber from Fig. 1 is presented in Fig. 7 . The intensity profiles are also plotted to clarify the difference between the modes. The simulations reproduce quite well the measured mode content and they confirm that the features with a lower group index difference (less than 0.05) are HOMs excited in the fiber, while the strong feature observed at Δn g ∼ 0.12 that covers most of the band gap is a surface mode (or a combination of many of those). The simulations also confirm that the flat feature at Δn g ∼ 0.08 is not caused by any HOM/surface mode. Since the simulation of the surface modes is strongly dependent on the accuracy of the description of the structures surrounding the core wall, the numerical evaluation of the surface modes is less trustworthy than the HOMs one. A deeper investigation (using e.g. SEM/AFM images) is necessary to have a better knowledge of the geometry that surrounds the core, in order to obtain a more reliable simulation of surface modes. Fig. 7 . The group index evaluation of the various modes is compared with the experimental data of the fiber C7 L from Fig. 1 (left) . The colors are the same used in Fig. 6 . The FM is visible at Δn g = 0 (green). The intensity profile of the different modes simulated is plotted (right). The HOM represented in black is in fact the superposition of two different modes, as highlighted by the mode intensity profiles on the right.
Laser frequency shift: a simple theoretical approach
The frequency shift observed in the multi-mode fibers presented in Fig. 3 needs to be explained. Any change in one of the fundamental parameters that defines the light-matter interaction can (potentially) cause a shift in the lock-point frequency. Wave front curvature [30] and angled beams interaction [31] are known to cause frequency shift in SAS with bulk vapour cells. However, these effects cannot directly explain frequency shifts when using HC fiber as gas cell. The wave-front curvature in the HC fiber is negligible (plane wave) and the beams are confined along the same propagation path (the counter-propagating k-vectors are aligned).
Temperature effects are already discussed in Section 4. The pressure variation is below 0.5 Pa over the entire test and it has negligible influence. The probe and pump power are monitored along the tests, showing fluctuations of 0.05 mW and 0.3 mW respectively (one standard deviation). The numerical value of the power sensitivity coefficient is measured to be below 15 kHz/mW for both the beams. Therefore, the observed power fluctuations combined with the power sensitivity cannot explain the ± 25 kHz frequency fluctuations observed for the multimode fibers. However, a correlation between the the frequency fluctuations for the C7 PM fiber and spatial mode variations of the probe/pump beam is observed. An infrared camera monitors a small fraction of the probe beam, and the beam shape oscillates about 50 times when the temperature is increased by 5°C. This compares qualitatively to the number of frequency oscillations for a 5°C temperature change as seen in Fig. 4 . Similarly, if a small misalignment is introduced so that the output power at the fiber facet changes less than 1%, the mode shape clearly oscillates. These observations suggest that fluctuations in the modal content are responsible for the observed frequency fluctuations.
Previously published work [12] reports a frequency shift in large core kagome fibers (diameter ∼ 60 μm) comparable to the one presented here. According to [12] various spatial modes could cause a shift comparable to the Doppler shift observed in a free space interaction of two angled beams. Although the Doppler effect should give a theoretical shift of few MHz, they argue that the interaction between many HOMs should average out, reducing the final shift to the kHz level. We demonstrate that this explanation is not generally sufficient. Observing Fig.  6 and 7, only one mode has a low enough loss to be taken into account (black curve), but the maximum shift observed for the C7 L fiber is only ±50 kHz with respect to the reference [7] . Hence we observe a small shift at the kHz level which cannot be explained by an averaging of many HOM interactions. We aim to present here a simple theoretical model that describes the mechanism involved in the frequency shift for the different types of HC fibers, also in case of a HC fiber that guides few modes at the addressed wavelength, like the C7 L considered.
The mechanism is based on the Doppler shift effect, taking into account the intensities associated to the different modes. In order to keep the theoretical model simple, only two modes are considered for the C7 L fiber: the FM and the HOM with the lower loss ( Fig.  6, black) . The two counter-propagating beams (pump and probe) can be described as a superposition of the FM and the HOM component. Therefore, the (pump,probe) interaction could be decomposed in four different contributions due to the modal content of each beam: (FM,FM) + (FM,HOM) + (HOM,FM) + (HOM,HOM). Each contribution is treated separately and the single effects are subsequently summed, which is possible as the modes are orthogonal. In general, in order to saturate the molecules, the k-vectors of the two laser beams should fulfill the following expression
where i = 1, 2 and j = 3, 4 refers to the probe and pump components respectively (as labeled in Fig. 8 ), while v is the velocity of the molecules addressed by the two beams.
Since the k-vector component along the propagation axes depends on the effective refractive index of the mode considered, the interaction inside the fiber is the analogue of an angled beam interaction in a vapour bulk cell. Inside the HC fibers, the shift is not caused by a real angle between the counter propagating k-vectors, it is given by an effective angle that comes from the different propagation constant (β i ) of the modes. The effective angle (θ i ) of each mode considered can be defined as follow
where n 0 and k 0 are the refractive index and the wave number in vacuum, and β i = n eff i k 0 is the propagation constant associated to the different modes. Rewriting the Eq. (2) with the effective angles defined in Eq. (3), the Doppler shift (Δν i j ) of the different interaction is given by
where the angle π gained by the pump components is due to the fact that the pump is propagating in the opposite direction with respect to the probe (Fig. 8) , and v = v 2 x + v 2 y is the thermal velocity of the molecules (≈ 435 m/s). Therefore, the contribution to the shift can only be due to the interactions between a FM and a HOM component. Moreover, when the θ j > θ i the center of the sub-Doppler line shape experience a positive shift, while a negative shift occurs if θ j < θ i . This fact gives rise to an opposite contribution from the two FM-HOM interactions: the (2,3) interaction addresses a class of molecules with a velocity component +v x (same direction of the probe beam, β 2 < β 3 ), while the (1,4) interaction addresses a class of molecules with a velocity component −v x (opposite direction, β 1 > β 4 ). The theoretical shift Δν i j given by Eq. (4) is approximately +7 and -7 MHz for the (1, 4) and (2, 3) interactions respectively, and zero otherwise (for the C7 L fiber considered).
In order to take into account the light intensity of the various interaction, we define f i as the normalized intensity associated to each mode. The light intensity associated to the each interaction is defined as I i j = f i · f j , i = 1, 2 and j = 3, 4, assuming that the pump/probe have the same power at the fiber input. Therefore, the line-shape I(ν) of the sub-Doppler absorption line will be the superposition of four interactions
where Γ 0 and ν 0 are the FWHM and the frequency of the sub-Doppler transition addressed. Taking into account the transit-time and the pressure broadening effect, the FWHM for the fiber considered is Γ 0 ≈ 26 MHz [20, 21] . Depending on the I i j , Δν i j and Γ 0 , the maximum of the line-shape I(ν) could experience a shift (Δν TOT ). In fact, the shift of the maximum of the line-shape I(ν) is a distortion of the typical Lorentzian profile caused by the superposition of four interactions not centered on the same frequency. Therefore, the fact that the shift observed is limited to the kHz level is due to the combination of the symmetry of the pump/probe configuration and the low intensity associated to the HOMs (with respect to the FM one). This shift directly affects the laser frequency, because it changes the zero-crossing point of the dispersionlike signal used for locking.
In order to simplify the analysis of the model predictions, we assume the following light intensity of the mode components:
• 1% of light coupled to the HOM component ( f 2,4 = 0.01);
• 99% of light coupled to the FM component ( f 1,3 = 0.99);
This light intensity configuration is not arbitrary and it could be considered as an upper limit: the WFT analysis on the C7 L fiber (Fig. 1) shows that the HOM considered (black) has an intensity more than 50 times lower than the FM (after 8 cm of fiber, at 1542 nm) and the HOM considered has 3 dB loss across the fiber tested, which further reduces the average intensity coupled to the the HOM component (by a factor ≈1.5). Therefore, limiting to a few percent the light intensity associated to the HOM components is a reasonable assumption. Therefore, the derivation of the line-shape I(ν) described by Eq. (5) allows some considerations:
1. If the light intensity distribution between the pump and probe components is symmetric (Fig 8) , the maximum of I(ν) experiences a total shift of Δν TOT = 0, even in the fewmode fiber described. Only an asymmetric distribution between the pump/probe HOM components can cause a shift, which is incidentally the most probable situation that experimentally occurs. 
In presence of intensity
3.
A detailed analysis of the line-shape derived in Eq. (5) shows that once fixed Δn eff and I i j , if Γ 0 decreases the shift experienced by the maximum of I(ν) will decrease as well. Moreover, if Δν i j ≥ Γ 0 , the HOM-FM interaction will not affect the maximum of I(ν), because signal generated will be far-detuned from optical transition addressed. Therefore, if the interaction between the HOM and the FM considered so far occurs in a fiber with core size larger than the C7 L one, the shift produced will be smaller compared to the one here observed/calculated. This property can explain the relative small shift observed in [12] : the wider core of the kagome fiber helps to reduce the total frequency shift (Δν TOT ), even if the Δn eff between the HOMs guided in the kagome fiber (and the relative light intensity associated) could easily exceed the one considered in the calculation at point 2.
4. The frequency shift is coupling dependent, because a misalignment could easily increase the light intensity coupled to the HOM components. This effect is confirmed by the C19 fiber performance under temperature perturbation (Fig. 4, left) : a continuous temperature variation breaks the modal content symmetry, increasing the maximum shift to ± 120 kHz.
5.
The long term oscillations experienced by the C7 PM fiber (Fig. 3 , left) could also be described by the mechanism presented here, considering that the two orthogonal polarized FMs have an effective refractive index difference much smaller than the one observed for the (FM,HOM) interaction described above. A smaller effective refractive index difference will reduce the maximum theoretical shift, but the intensity coupled to the orthogonal polarized FMs could easily fluctuates over 1% due to coupling misalignment, compensating the reduction.
Conclusion
An optical frequency standard is developed using gas-filled single-mode HC-PCF with a core size diameter of 8 μm. A complete experimental investigation of four HC fibers is done to characterize the performances. Despite the previous recommendations, the fiber with a core diameter of only 8 μm shows a high accuracy and low fractional frequency instability (below 4 × 10 −12 for averaging time between 1 s and 10 4 s). The frequency of the lock point is repeatable to ±2.5 kHz (standard deviation over 7 measurements), resulting in the most stable and accurate laser systems locked to an acetylene filled HC fiber published so far [12, 15, 16] . This performance combined with a low temperature sensitivity and a negligible HOMs content make the C7 S fiber a good candidate for a portable optical frequency standard. Furthermore, a simple theoretical description of the mechanism involved in the frequency shift of the locked laser is presented. The model describes the light-matter interaction with a good agreement with the experimental data, helping to select the more suitable fiber for frequency standard applications. Future investigations on the fiber crystal structure is necessary to evaluate the role of the surface modes in the energy exchange with HOMs, as well as a complete description of polarization effects.
